As a unique paradigm for chaos, the various versions of Chua's circuits and equations consists of a three-dimensional autonomous system with a three-segment piecewise-linear function which gives rise to three equilibrium points. This paper considers the possibility of simplifying the system configurations of piecewise-linear chaotic systems based on the structures of Chua's systems. We study a new class of piecewise-linear three-dimensional autonomous system with a three-segment piecewise-linear function. However, unlike Chua's systems, the systems we study in this paper have only single equilibrium points. To find chaotic attractors from this class of systems, we use a systematic random-search process to search the parameter space. The searching process consists of three stages. For the first stage, we simply count the number of points on a Poincaré section and find candidates for chaotic attractors. At the second stage, Lyapunov exponents are calculated for selecting chaotic attractors from the candidates. Finally, bifurcation diagrams constructed around the located chaotic attractors are used to find different types of chaotic attractors. Many qualitatively different chaotic attractors of this class of systems had been found and presented in this paper. Another method to simplify the configurations of a piecewise-linear chaotic system is to reduce the number of segments of the piecewise-linear function. We have developed some chaotic systems with a two-segment piecewise-linear function and which gives rise to two equilibrium points. Many color illustrations of chaotic attractors and bifurcation diagrams are presented.
Introduction
Chua's circuits [Madan, 1993] , also known as Chua's systems 1 are canonical three-dimensional piecewise-linear autonomous systems that can exhibit chaotic behaviors. It has been rigorously proved that Shilnikov's type chaos exists in Chua's systems [Chua et al., 1986] . Many other piecewiselinear chaotic systems found in different contexts had been proved to be equivalent (i.e. topologically conjugate) to Chua's systems [Chua et al., 1993a; Horska et al., 2000] . The dimensionless form of a Chua's system is given bẏ x = α(y − x − f (x)) y = x − y + ż z = −βy − γz 
where a and b are two constants. This piecewiselinear function has three segments and is symmetric with respect to the origin. In a Chua's system there are two parameters to specify the piecewise-linear function and the other three parameters are used to specify three ODEs. Intensive studies showed that to observe chaotic phenomena in Chua's systems, there are at least two equilibrium points involved. If only two equilibrium points are involved the resulting chaotic attractors are not symmetric with respect to the origin. Furthermore, for those chaotic attractors that are symmetric with respect to the origin three equilibrium points are involved. A zoo of chaotic attractors can be found in [Chua et al., 1993b] . One of the most famous chaotic attractors of Chua's systems is called the doublescroll Chua's attractor as shown in Fig. 1 . Observe that since three equilibrium points are involved, this attractor is symmetric with respect to the origin. It seems that the existence of different types of equilibrium points are critical to generate chaotic flows in a piecewise-linear vector field. This may suggest that at least two equilibrium points should be involved for generating chaotic flows. However, the results presented in this paper show that in a piecewise-linear vector field, the existence of different types of equilibrium points is not essential for generating chaos. Instead, the most essential aspect is the existence of different types of vector fields in different regions. This condition can be easily satisfied by choosing different piecewise-linear functions. However, since the condition of a single equilibrium point puts more restrictions on the construction of the piecewise-linear ODEs, the "density" of chaotic systems in the parameter space is expected to be smaller than that associated with system configurations without this restriction.
The organization of this paper is as follows. In Sec. 2, the canonical form of piecewise-linear equations presented by Chua and Kang [1977] is given to make this paper self-contained. In Sec. 3, the first class of chaotic systems with a three-segment piecewise-linear function is presented. We also present the details of our searching algorithm for finding chaotic attractors. In Sec. 4, some examples of the first class of chaotic systems with a three-segment piecewise-linear function and single equilibrium point are given. In Sec. 5, some examples of the second class of chaotic systems with a three-segment piecewise-linear function and single equilibrium points are presented. In Sec. 6, some concluding remarks are given. Some examples of chaotic systems with a two-segment piecewiselinear function and two equilibrium points are also presented.
Canonical Piecewise-Linear Equations
In a seminal work by Chua and Kang [1977] , it was proved that any continuous or discontinuous piecewise-linear function can be represented by a canonical form. Here we present only the canonical form of continuous piecewise-linear functions. For the continuous piecewise-linear function shown in Fig. 2 the canonical form is given by
In this paper we will use mostly the three-segment piecewise-linear functions as shown in Fig. 3(a) . The canonical form of this three-segment piecewise-linear function is given by
Observe that this function is specified by five parameters (m 0 , m 1 , m 2 , y 1 , y 2 ). For simplicity, we use a normalized form of the general three-segment piecewise-linear function in Fig. 3 (b) with f (0) = 0, y 1 = −E < 0 and y 2 = E > 0. We also let m 0 = b, m 1 = c and m 2 = a as depicted in Fig. 3(b) . The piecewise-linear function shown in Fig. 3 (b) can be expressed as
Observe that in this case only four parameters (a, b, c, E) are needed to specify this function.
Chaotic Systems with ThreeSegment Piecewise-Linear Functions
In this section, we present the system configuration of the first class of chaotic systems with a threesegment piecewise-linear function and a single equilibrium point. The second class of chaotic systems will be presented in Sec. 5. We also present the details of our search algorithm for locating chaotic attractors in parameter spaces.
System configurations
The general configuration of the first class of chaotic systems is given by
where f (y) is the same as that in Eq. (4), and φ and ψ are two constants. The condition for this system to have a single equilibrium point is that the following two linear equations be linearly independent:
The linear independence of these two equations is equivalent to the condition β + γ = 0. Suppose that β + γ = 0 is satisfied, then this system has only one equilibrium point at
As we have already stated, there are five parameters m 0 , m 1 , m 2 , y 1 , and y 2 in Eq. (4). We can get rid of one of these parameters by shifting the piecewiselinear function into the normalized form as shown in Fig. 3 (b). If we let δ y = (y 1 + y 2 )/2, δ f = f (0) andỹ = y − δ y , then Eq. (6) can be rewritten as
Let E = (y 2 − y 1 )/2, m 2 = a, m 0 = b and m 1 = c, thenf (ỹ) = f (ỹ + δ y ) − f (0) has the same shape as that shown in Fig. 3 (b). Letx = x + f (0), then from Eq. (9) we have
In this section, we letφ = 0 andψ = 0 and remove all "˜" signs over all variables to avoid clutter, then the system in Eq. (11) can be simply rewritten asẋ where the piecewise-linear nonlinearity f (·) is the same as that shown in Fig. 3 (b) and can be represented by Eq. (5). Unlike that in Eq. (2), this piecewise-linear function is not necessarily symmetric with respect to the origin. If β + γ = 0, then there is only one equilibrium point at the origin and the two virtual equilibrium points in the two outer regions are given by
P + and P − are in the regions where y > E and y < −E, respectively.
Search method for chaotic regions
In this paper we choose E as a fixed parameter. Since there are still six free parameters to be determined, the parameter space spanned by them is too big for a normal computer to do an iterated search for chaotic regions. The strategy used in our search algorithm is to randomly search given regions in the parameter space spanned by the six parameters (a, b, c, α, β, γ). Since extensive calculations are needed for finding Lyapunov exponents, our searching processes is performed in two stages. For the first stage, we only count the number of unique points in a Poincaré section within a few thousand iterations of our (fourth-order Runge-Kutta) integration routine. Because a limit cycle has fewer intersections with a Poincaré section than those of a chaotic attractor, we can easily discard many limit cycles. However, this method cannot distinguish quasi-periodic attractors from chaotic attractors. Due to the limited accuracy of numerical integration algorithms, in many cases a limit cycle can be misclassified as a candidate of a chaotic system. At the second stage, we need to calculate Lyapunov exponents to distinguish chaotic attractors from limit cycles and quasi-periodic attractors. By doing so, the total calculations needed in our algorithm can be reduced dramatically.
After finding a chaotic attractor at a parameter point, a detailed bifurcation diagram is then used to find different chaotic attractors in the vicinity of this point. In this paper, bifurcation diagrams were constructed with respect to the cross-section defined by y = 0 on the x-y plane. All simulation results are obtained via a fourth-order RungeKutta method (with fixed step size) where E = 10 −4 is fixed for all simulations.
With the structure presented in Eq. (12), we choose 10,000 points randomly from the parameter range (a, b, c, α, β, γ) ∈ ((−20, 20) , (−40, 40) , (−1, 1), (−10, 10), (−10, 10), (−10, 10)), where around seventy points are found as candidates which may exhibit chaos. We then calculate the Lyapunov exponents for each candidate and by checking the shapes of attractors and bifurcation diagrams, eight qualitatively different bifurcation diagrams with respect to the parameter c and many chaotic attractors are found and listed in Figs. 4-11. One should notice that since we have searched only a small portion of the entire parameter space and only bifurcation diagrams with respect to c are used to find different attractors, the chaotic attractors listed in this paper may be far from exhausted. However, these results have already shown that this class of piecewise-linear dynamical system has many different kinds of chaotic attractors.
Examples of Chaotic Systems with a Three-Segment Piecewise-Linear Function
In this section, we present examples of chaotic attractors and bifurcation diagrams of the system in Eq. (12) with different parameters.
4.1. Example 1 samples of f (y) together with thin black crosses denoting the positions of their origins. Also notice that for three-segment piecewise-linear functions, the color scheme shown in Fig. 3 is used; namely, the left, center and right segments are colored with blue, green and red, respectively.
A series of strange attractors along the bifurcation process are shown in Figs. 4(b) When c is negative, chaotic attractors remain within a small region in space. When c is positive and becomes larger, trajectories visit more often large ranges (far regions) of space as shown in Fig. 4(f) . When c becomes big enough then trajectories stay mainly in large ranges as shown in Fig. 4(g) . When c becomes too big, the attractors become periodic with increasing amplitudes as shown in Fig. 4(h) with c = 1, whose amplitude is 10 6 times bigger than those in Figs. 4(b)-4(g). The chaotic attractor shown in Fig. 4(b) is similar to an attractor observed from a Chua's system as shown in the color plate 20 in [Chua et al., 1993b] . Fig. 8(d) is similar to a chaotic attractor found in Chua's system as shown in color plate 25 in [Chua et al., 1993b] .
Example 3

Example 6
Figure 9(a) shows the bifurcation diagram with respect to the parameter c ∈ [−6, 2.5] and with fixed parameters a = 14.388880, b = 37.813938, α = 2.076496, β = −0.007523 and γ = −0.869140. 
The Second Class of Systems with a Three-Segment Piecewise-Linear Function
Using the same search method as presented in Sec. 3.2, we found different chaotic attractors in the following ODE with a three-segment piecewiselinear function:
where f (y) is given by Eq. (5). Comparing Eqs. (14) and (12) we find that a self-feedback item is added to the second equation in Eq. (14). Similarly, we know that if γ = −1 then this system has only one equilibrium point. 
Example 1
Concluding Remarks
Although we have also searched for chaos in piecewise-linear systems that have no equilibrium points, it seems very difficult to find such chaotic systems. This can be intuitively understood since the no-equilibrium-point condition leaves much less choices for system configurations than those provided by one-equilibrium-point, or three-equilibrium-point, conditions. Another approach for searching for simple piecewise-linear chaotic systems is to find those with a two-segment piecewise-linear function. In fact, in Chua's systems many chaotic attractors such as Chua's spiral attractor is generated by two equilibrium points and a two-segment piecewise-linear function. Thus, it is relatively easy to find chaotic systems with two equilibrium points and with a two-segment piecewise-linear function. However, we have found this task to be even more difficult than that of finding a chaotic system with one equilibrium point and a three-segment piecewise-linear function since the number of possible system configurations in this case is much smaller.
When a piecewise-linear function has only two segments as shown in Fig. 14, we keep a and b as the slopes of the right segment and the left segment, respectively. However, we use the parameter c to denote the vertical shift f (0). After carrying out the same search method, we found that the chaotic regions in the parameter space in this case is much more sparse than those for three-segment cases. However, the chaotic regions are still dense enough for us to find many of them without using significant computing resources. We will present two examples in the remaining part of this section.
Example 1
Let us consider the following ODEs:
where
is a piecewise-linear function with two segments. Observe that the equilibrium points of Eq. (15) are given by (x * | f (x * )=0 , 0, 0). The searching range is given by (a, b, c, α, β, γ) ∈ ((−10, 10), (−10, 10), (−20, 20) , (−10, 10), (−10, 10), (−10, 10)). Examples of chaotic attractors found in this system are shown in Fig. 15 . Figure 15 Let us consider the following ODEs:
where f (x) is the same as that in Eq. (16).
Observe that the equilibrium points are given by (x * | f (x * )=0 , 0, 0). Examples of chaotic attractors found in this system are shown in Fig. 16 . Figure 16 (a) shows the bifurcation diagram with respect to a ∈ [0.5, 1.2] and with fixed parameters b = −1, c = −1, α = 1, β = 1, and γ = −0.6. Observe that in the chaotic range, f (x) = 0 has two solutions which means that this system has two equilibrium points. Figures 16(b) and 16(c) show two chaotic attractors with a = 1 and a = 1.15, respectively. Observe also that the shapes of chaotic attractors along the bifurcation process do not change much. This kind of attractor is very 
